
MATH 222 (Lectures 1,2,4) Worksheet 7 Solutions

Please inform your TA if you find any errors in the solutions.

1. Find a solution to the initial value problem

dy

dx
“ eyx3

yp0q “ 0

Solution: In what follows, the value of the constant of integration may change from
line to line.

dy

dx
“ eyx3

e´ydy “ x3dx
ż

e´ydy “

ż

x3dx

´e´y “
1

4
x4 ` C

e´y “ ´
1

4
x4 ` C

y “ ´ lnpC ´
1

4
x4q

Substituting the initial condition 0 “ yp0q “ ´ lnpCq, we find that C “ 1 and ypxq “
´ lnp1´ 1

4x
4q

2. Find a solution to the initial value problem

dy

dx
“ p1` y2qex

yp0q “ 0

Solution:

dy

dx
“ p1` y2qex

dy

1` y2
“ exdx

ż

dy

1` y2
“

ż

exdx

arctanpyq “ ex ` C

y “ tanpex ` Cq

Substituting in the initial condition, we find that 0 “ Y p0q “ tanp1 ` Cq. A possible
choice of C is C “ ´1. Our final answer is then ypxq “ tanpex ´ 1q.



3. Find a solution to the initial value problem

dy

dx
“ y

a

y2 ´ 1 cospxq

yp0q “ 1

Solution: First, we can observe that one solution to this problem is given by ypxq “ 1.

We can find another solution by separating variables.

dy

dx
“ y

a

y2 ´ 1 cospxq

dy

y
a

y2 ´ 1
“ cospxqdx

ż

dy

y
a

y2 ´ 1
“

ż

cospxqdx

arcsecpyq “ sinpxq ` C

y “ secpsinpxq ` Cq

Substituting in the initial condition yp0q “ 1 we find that

1 “ yp0q “ secpCq

So we may take, for example, C “ 0. Our final solution is then either of ypxq “ 1 or
ypxq “ secpsinpxqq.

4. Find the general solution to the differential equation

dy

dx
“ x2 ` y2x2

Solution:

dy

dx
“ x2 ` y2x2

dy

dx
“ x2p1` y2q

dy

1` y2
“ x2dx

ż

dy

1` y2
“

ż

x2dx

arctanpyq “
x3

3
` C

ypxq “ tan

ˆ

x3

3
` C

˙

.



5. Find the general solution to the differential equation

1

2x

dy

dx
“ y ` ex

2

Solution: We begin by writing the problem in standard form as

dy

dx
´ 2xy “ 2xex

2

The integrating factor for this problem is mpxq “ e
ş

´2xdx “ e´x
2
. If we multiply

through by e´x
2
, then the equation becomes separable and we can find the general

solution directly directly.

e´x
2 dy

dx
´ 2xe´x

2
y “ 2x

dpe´x
2
yq

dx
“ 2x

ż

dpe´x
2
yq “

ż

2xdx

e´x
2
y “ x2 ` C

ypxq “ x2ex
2
` Cex

2

6. Find a solution to the initial value problem

dy

dx
“ py ´ 1q

1

x
yp´1q “ 0

Solution:

dy

dx
“ py ´ 1q

1

x

1

y ´ 1

dy

dx
“

1

x
1

y ´ 1
dy “

1

x
dx

ż

1

y ´ 1
dy “

ż

1

x
dx

ln |y ´ 1| “ ln|x| ` c

y ´ 1 “ ˘|x|ec

y “ 1˘ |x|ec

We are working near ´1, so |x| “ ´x. Plugging in yp´1q “ 0,

0 “ 1˘ ec p´p´1qq
looomooon

| ´ 1|



ec is always positive, so we must have

0 “ yp´1q “ 1´ ec

Thus 1 “ ec and we get as our final answer

ypxq “ 1´ ecp´xq

ypxq “ 1` x

7. Find a solution to the initial value problem

x
dy

dx
` 2y “ ´

sinpxq

x

yp
π

2
q “ 1

Solution: We being by writing the differential equation in standard form as

dy

dx
`

2

x
y “ ´

sinpxq

x2

The integrating factor for this problem is mpxq “ e
ş

2
x
dx “ e2 lnpxq “ x2. Multiplying

through by x2 converts this problem to

x2
dy

dx
` 2xy “ ´ sinpxq

dpx2yq

dx
“ ´ sinpxq

ż

dpx2yq “ ´

ż

sinpxqdx

x2y “ cospxq ` C

ypxq “
cospxq

x2
`
C

x2

Susbtituting in the initial condition, we find that

1 “ yp
π

2
q “

cospπ2 q

pπ2 q
2

loomoon

0

`
C

pπ2 q
2

so that ypxq “ cospxq
x2

` π2

4
1
x2

.


